In this paper, velocity profile, temperature profile, and the corresponding Poiseuille and Nusselt numbers for a flow in a microtube and in a slit-channel are derived analytically with an isoflux thermal boundary condition. The flow is assumed to be hydrodynamically and thermally fully developed. The effects of rarefaction, viscous dissipation, axial conduction are included in the analysis. For the implementation of the rarefaction effect, two different second-order slip models (Karniadakis and Deissler model) are used for the slip-flow and temperature-jump boundary conditions together with the thermal creep at the wall. The effect of the thermal creep on the Poiseuille and Nusselt numbers are discussed. The results of the present study are important (i) to gain the fundamental understanding of the effect of thermal creep on convective heat transfer characteristics of a microchannel fluid flow and (ii) for the optimum design of thermal systems which includes convective heat transfer in a microchannel especially operating at low Reynolds numbers.
Introduction
With the today's fabrication facility, fabrications of channels with a size in the order of micrometers are not an issue (even the fabrication of microtubes with the diameters of several micrometers/nanometers have become possible [1] ). These kinds of small channels can easily be the elements of microheat exchangers, microheat sinks, microsensors, and micropower generation systems. For an effective and economical design of microfluidic systems, heat transfer characteristics of flow inside these microchannels need to be well understood. Although, there exists some experimental data for fluid flow [2] [3] [4] , experimental data on convective heat transfer for single phase microchannel flow are very restricted [5] . Yet, numerical and analytical models with an appropriate slip model are a key ingredient for the analysis of fluid flow and heat transfer in a microchannel.
As the characteristic length (L) of the flow approaches to the mean-free-path (k) of the fluid, the continuum approach fails to be valid, and the fluid flow modeling moves from continuum to molecular model. The ratio of the mean-free-path to the characteristic length of the flow (L) is known as the Knudsen number (Kn ¼ k/L). For the Kn number varying between 0.01 and 0.1 (which corresponds to the flow of the air at standard atmospheric conditions through the channel that has the characteristic length of 0.7 $ 7 lm), the regime is known as the slip-flow regime. In this regime, flow can be modeled with the continuum modeling as far as the boundary conditions are modified to take into account the rarefaction effects.
For Kn number between 0.1 and 10, the regime is known as transition regime. In this regime, the Navier-Stokes fails to model the fluid flow, and a molecular model is necessary. Either molecular simulations like direct simulation of Monte Carlo (DSMC) and MD or solutions of Boltzmann transport equation which require appreciable computational effort are required. However, one preferable alternative to extend the applicability of Navier-Stokes equations into the transition regime is to introduce second-order slip models. Although strictly speaking Navier-Stokes equations are valid Kn number up to 0.1, several studies [2, 3, 6] indicated that Navier-Stokes equations with second-order slip models can predict the fluid flow behavior up to Kn % 0.25.
The general form of the boundary conditions for velocity and temperature can be written as follows:
where n, t, and w stand for normal direction, tangential direction, and channel wall, respectively. First term of Eqs. (1) and (2) are known as the first-order boundary conditions and used as firstorder slip model [7] . The second terms are known as the secondorder boundary conditions and used as second-order slip model [7] . There exists many different second-order models with different coefficients [3, 8] ; however, only two of these methods [7, 9] have a complimentary second-order temperature boundary condition (the coefficients for the two second-order models are tabulated in Table 1 ). The last term of the Eq. (1) is known as the thermal creep. Thermal creep (thermal transpiration) is a wellknown phenomenon which is observed for rarefied fluids and flow in micro and nanochannels. Basically, thermal creep is the fluid flow in the direction from cold to hot due to the tangential temperature gradient along the channel walls. Thermal creep can enhance or reduce the flowrate in a channel depending on the direction of the tangential temperature gradient at the channel wall. Actually, thermal creep is the basic driving mechanism for Knudsen compressors [7] . In addition to slip-flow, temperature jump and thermal creep, there are some more additional effects associated with the scale of the microchannels. The effect of the viscous dissipation, which is characterized by Brinkman number, and the axial conduction, which is characterized by Peclet number, are negligible at macrochannels, and important at microscale [10] . These additional effects result in unconventional heat transfer behavior in microchannels, such as the dependence of the Nusselt number on Reynolds number (for constant wall temperature thermal boundary condition).
Strictly speaking, incompressible model together with slip models is inconsistent [6] ; however, many researchers used incompressible flow model to explore the fundamental aspects of the convective heat transfer inside microchannels [2, 6, 10, 11, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . The fluid flow and heat transfer inside a microconduit was analyzed for different geometries, such as circular tube [10, [14] [15] [16] [17] [18] [19] [20] [21] 29] , parallel plate (i.e., slit-channel) [18, [22] [23] [24] [25] [26] 30] , rectangular channel [2, [11] [12] [13] 27] , annular channel [28] using firstorder [10, [12] [13] [14] [16] [17] [18] [22] [23] [24] 26, 28] and second-order models [2, 11, [19] [20] [21] 25, 27, 29, 30] . Some studies included the viscous dissipation [10, [15] [16] [17] [18] 20, 21, 23, 24, 27] and the axial conduction [12, 13, 17, 18, 20, 21, 23, 27] . Very few numerical studies include the effect of the thermal creep on heat transfer [12, 13, 21, [25] [26] [27] 30] (although, the thermal creep was included in the model [27, 30] , the slip velocity due to the thermal creep is introduced as a constant u c instead of function of temperature gradient at the wall).
In this study, velocity profile, temperature profile, and corresponding Poiseuille and Nusselt number expressions are determined for a fully developed gaseous flow in a 2D microchannel (i.e., both microtube and slit-channel) with a constant wall heat flux thermal boundary condition. The flow assumed to be incompressible, 1 laminar, hydrodynamically and thermally fully developed. The thermophysical properties of the fluid are assumed to be constant. Second-order slip model together with the thermal creep term is implemented. Two second-order models, Karniadakis model [6] (M1 hereafter) and Deissler model [7] (M2 hereafter) are used. The effect of viscous dissipation, axial conduction is also included in the analysis. Neat, closed form solutions for the fully developed velocity profile, temperature profile, Poiseuille number and Nusselt number are derived analytically. The results of the present study are important (i) to gain the fundamental understanding of the effect of thermal creep on convective heat transfer characteristics of a microchannel fluid flow and (ii) for the optimum design of thermal systems which includes convective heat transfer in a microchannel especially operating at low Reynolds numbers.
Analysis
The steady-state, hydrodynamically developed flow with a constant temperature, T i , flows into a 2-D microchannel with the constant heat flux at the wall. Following dimensionless parameters are used in the analysis:
where k ¼ 0 is for slit-channel and k ¼ 1 is for microtube (y-coordinate is r for microtube). The channel height is 2H, and D h is 4H
for slit-channel. Both the channel height and D h are D for microtube. The governing energy equation, including the axial conduction and the viscous dissipation term, and the corresponding boundary conditions can be written as
where u is the dimensionless fully developed velocity profile for the slip-flow regime. By solving the momentum equation together with the slip velocity boundary condition, u can be determined as follows:
where v and j are defined as
T n in Eq. (6) represents the temperature gradient at the wall ð@h=@nÞ wall which is unknown prior to the solution of the energy equation. By using the definition of the friction factor
Poiseuille number can be determined as
The fully developed temperature profile has the following functional form [6] :
By using the fact that the temperature is fully developed, T n is read as constant. Substituting Eq. (10) into Eq. (4), and integrating once in g-direction results in
Using the boundary condition at the wall, the unknown temperature gradient at the wall, T n , can be determined as (1) and (2) 
Deissler [7] 1.0 -9/8 3 2p
The incompressible flow assumption requires Mach number is less than 0.3.
applying the boundary condition at the microchannel center, / can be determined as follows:
where C is an arbitrary constant, and C ¼ T n ðv þ jT n Þ. C can be determined by substituting Eq. (10) into Eq. (4) and integrating the resulting equation in g-direction from 0 to 1, and in n-direction as
Fully developed temperature can be obtained by substituting Eq. (13) into Eq. (10), where constant T n and C are defined in Eqs. (12) and (14), respectively. Note that, to recover the result for the case without thermal creep (i.e., a 3 ! 0), the limit of T n needs to be determined. Taking the limit leads to
Using this fact, macrochannel and macrotube [31] results (i.e., Kn ¼ Br ¼ 0) can be recovered as
Introducing dimensionless quantities, fully developed Nusselt number can be written as
where h m is the dimensionless mean temperature
and h w is the wall temperature. h w can be determined by the implementation of the temperature-jump boundary condition, Eq. (2) as
Fully developed Nusselt number can be determined as
where ! is defined as 
Results and Discussion
In this study, fully developed velocity profile, the fully developed temperature profile, and the associated Po and Nu are derived. Two second-order slip models, M1 and M2, are implemented to include the rarefaction effects and thermal creep. The viscous dissipation and the axial conduction are also included in the analysis. Coefficient b 1 is taken as 1.667, and c is taken as 1.4 and Prandtl number is taken as 0.7 in the calculation of coefficient b 2 , which are typical values for air being the working fluid in many engineering problems. In the calculation of a 1 and a 2 , F M is taken as unity, since it is the case for most of the air-solid couples used in engineering applications [6] . Although, Kn number is between 0.01 and 0.1 for slip-flow regime, in this study Kn is taken between 0 and 0.2 to see the effect of the thermal creep at the higher Kn numbers. As discussed earlier, some studies [2, 3, 8] indicated the validity of the Navier-Stokes equations with secondorder models up to Kn % 0.25. Present study considers the fully developed velocity and fully developed temperature. The hydrodynamic entrance length is proportional with Re (for macrochannels $0.1 ReR), and the thermal entrance length is proportional with the Pe (for macrochannels $0.1 PeR) [32] , which makes hydrodynamic and thermal entrance length of a microchannel flow typically short compared with the overall length. Therefore, analysis of the fully developed region holds for the many practical microchannel applications.
Using the closed form solutions derived in this study, one can predict the velocity and temperature profile. However, in this section only the results associated with the Poiseuille and Nusselt number, which are the main concerns of the design engineers, are presented. Moreover, choking phenomena occurred for negative 2 The coefficients of the n term and 1/Pe 2 slightly differ from that of Ref. [31] due to the nondimensionlization of the velocity with u o instead of u mean .
Br numbers is also discussed (a MATLAB script for the determination of the velocity and temperature profile, wall temperature variation, Poiseuille and Nusselt numbers with different slip models is given in Appendix).
Br number indicates the relative importance of the heating of the fluid due to viscous dissipation to the wall heating. For gaseous flow in a microchannel, order of magnitude estimates for some parameters can be summarized as OðlÞ $ 10 À5 Ns=m 2 ; OðU o Þ $ 1 À 10 À3 m=s; OðD h Þ $ 10 À6 À 10 À4 m and Oðj _ q 00 jÞ $ 1 À 10 3 W=m 2 . With these values, OðjBrjÞ $ 10 1 À 10 À8 . Br > 0 means fluid is being heated, and Br < 0 means fluid is being cooled. With the inclusion of the thermal creep, temperature gradient at the channel wall assists the fluid flow for the fluid being heated. However, temperature gradient at the channel wall resists the fluid flow for the fluid being cooled. Figure 1 demonstrates the slip velocity at the wall due to the thermal creep over the mean velocity for both microtube and microchannel. M1 predicts higher creep velocity than that of M2 for both geometries. For negative Br, thermal creep resists the fluid flow. Therefore, flow can be stopped (i.e., choked) by the reverse flow induced by the thermal creep. Chocking occurs when the square root term in Eq. (12) is less than and equal to zero. As seen form the figure, M1 predicts a choking Kn value close to 0.18. On the other hand, M2 does not predict any chocking for the range of Kn used in this study.
Actually, for negative Br there exists a Br ( < 0) value for which the flow is chocked for a given Kn. Figure 2 shows the critical Br for different Kn for both models. As Kn increases, in order to have unchocked flow, higher Br in magnitude is needed. For a given u o and channel size, decreased |Br| means higher cooling rate. If the cooling rate is too high, the resulting temperature gradient at the wall introduces a high enough thermal creep to chock the flow. As illustrated, M2 predicts a wider admissible region than that of M1.
The fully developed velocity profile and Po number are function of only Kn for the case without thermal creep, and function of Kn and Br for the case with thermal creep. Figure 3 shows the normalized Po both for microtube and slit-channel as a function of Kn and Br. First-order slip model is also included in the figure. With the increasing Kn, slip velocity at the wall increases which means a reduced shear stress at the wall. As the shear stress decreases, so does the Po which means that rarefaction effect has a reduced pressure drop effect for a given volumetric flow rate. Since M1 indicates lower slip velocity and M2 indicates higher slip velocity than that of first-order model, former predicts higher and latter predicts lower Po than that of first-order model. As expected, the deviation between the first-order model and the second-order models increases as Kn increases. For Br > 0, thermal creep assists the fluid flow. Therefore, with the inclusion of the thermal creep, Po decreases for both models and Po further decreases, and for Br < 0, thermal creep resists the fluid flow, and Po increases. As seen from the figure, inclusion of the thermal creep has an appreciable effect on Po. Po values for both geometries are tabulated in Tables 2 and 3 .
Fully developed temperature is function of Kn, Br, Pe, and thermal creep. On the other hand, the fully developed Nu is function of same parameters except the Pe, which means Pe number only affects the local Nu in the thermal entrance region. Fully developed Nu values for Br ¼ 0 are tabulated for both geometries in Tables 4 and 5 . The results of Cetin et al. [18] and of first-order slip model are also included in Tables 4 and 5 , respectively, for comparison (since the figure form of these data would be too crowded, only the tabulated data are given here). Fully developed Nu values for different Br other than zero are tabulated in Tables 6 and 7 . For the constant wall heat flux thermal boundary condition, Nu is the indication of the temperature difference between the wall temperature and the mean temperature. Higher the Nu, smaller the temperature difference between the wall and mean which is desired for thermal systems.
For the case without thermal creep (i.e., Br ¼ 0), story for Nu is different for microtube and slit-channel. Moving from a first-order model to a second-order model has two combined effects on Nu. First, slip velocity at the wall changes which would affect the mean velocity. Second, the wall temperature changes. M1 predicts higher wall temperature and lower slip velocity than that of firstorder model. As a combined effect, M1 predicts lower Nu for microtube and higher Nu for slit-channel compared with firstorder model. However, M2 predicts higher wall temperature and higher slip velocity than that of first-order model. As a combined effect, M2 predicts higher Nu for small Kn and lower Nu for higher Kn for microtube, and lower Nu for all Kn for slit-channel compared with first-order model. Deviation between the firstorder model and the second-order model increases as Kn increases for both models which indicate the necessity of second-order model as rarefaction increases.
The slip velocity at the wall has an effect on the heat transfer through affecting the convection at the wall. Slip velocity over the mean velocity values is tabulated in Tables 8 and 9 . For Br > 0, thermal creep assists the flow and increases the convection at the channel wall; therefore, the slip velocity increases for both models, including the thermal creep for both geometries. The same trend is valid for Nu also. The higher the convection at the wall, the higher the Nu. Except at high Kn for slit-channel, M2 model Transactions of the ASME predicts lower Nu than that of first-order model, and the inclusion of the thermal creep predicts even lower Nu. Note that M1 without thermal creep predicts lower slip at the wall, and with the inclusion of the thermal creep M1 predicts slip at the wall very close to that of first-order model, which also results in Nu close to again that of first-order model.
For Br < 0, thermal creep resists the flow and decreases the convection at the wall; hence, the slip velocity decreases for both models, including the thermal creep for both geometries. The same trend can be also observed for Nu. The lower the convection at the wall, the lower the Nu. Except at high Kn, M2 model predicts higher Nu compared with the case without the thermal creep. Although in these results, Br and Kn vary independent of each other, in many engineering applications regarding microchannels, this is not the case. In the engineering application with microchannels, the devices typically operate at the vicinity of the atmospheric conditions, which means that increase in the Kn indicates the reduction in the size of the channel. Br has also size dependence. Therefore, depending on the limits of the mass flow rate, keeping Br or Kn constant and the variation of remaining one independently is not actually something practical.
Summary and Outlook
In this study, the velocity profile, the temperature profile, and the corresponding Po and Nu numbers are determined for a fully developed gaseous flow in a 2D microchannel (i.e., both microtube and slit-channel) with a constant wall heat flux thermal boundary condition. Neat, closed form solutions for the fully developed velocity profile, temperature profile, Po and Nu number are derived analytically. Two different slip models (M1 and M2) together with the thermal creep are included in the analysis. The effect of the thermal creep on Po and Nu is discussed. A MATLAB script that computes the fully developed velocity profile (as a function of nondimensional axial coordinate), temperature profile (as a function of nondimensional radial and axial coordinate), wall temperature (as a function of nondimensional axial coordinate), and the corresponding Po and Nu number values with different Kn, Br, Pe, and second-order models are given in Appendix. Despite the fact that the present study has some limitations (such as incompressible flow, fully developed conditions), the author believes that with this closed form solution, the fundamental physical mechanism that affects the heat transfer characteristics for microchannel flows could be explored. 
